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�
Variance within a full-sib family





Dag Lindgren and T. J. Mullin





Abstract


By calculating the probabilities for an exhaustive list of all possible parental allelic combinations, it is proven that the within-family portion of additive genetic variance can be expressed� EMBED Equation.2  ���.  Coancestry of parents does not have any impact on the resulting additive within-family variance; only such identity by descent which is reflected in parental inbreeding coefficients matters.








Introduction





Predictions of genetic change in managed populations are often made using quantitative genetic models and simulation, such as the forest tree breeding simulator, POPSIM (Mullin and Park 1995). In such predictions, the changing genetic structure of the population must be described using the complete pedigree back to a reference population with a known additive variance� EMBED Equation.2  ���.





In the infinitesimal gene effects model, the additive variance arises from variation among an infinite number of loci, each controlling the expression of the trait by an infinitely small amount. As described by Dempfle (1990) and by Foulley and Chevalet  (1981), the variation within families is due to Mendelian segregation at segregating loci.  When alleles are identical by descent, the variation due to segregation is reduced.  The reduction in within-family variance due to inbreeding of the parents could be accounted for with the general expression:





	� EMBED Equation.2  ���	[1]





where Var(Aw) is the within-family variance of the cross between parents P and Q, whose inbreeding coefficients are � EMBED Equation.2  ��� and � EMBED Equation.2  ���, respectively. F and � EMBED Equation.2  ��� refer to a reference population, for � EMBED Equation.2  ��� this population is not real (even if there is a founder population it can be regarded as a finite sample from an infinite reference population).  This study presents a new proof of formula (1), which we believe will be helpful to understand it better, and to understand under what conditions it is valid.














�
Calculations





The within-family variance as a fraction of � EMBED Equation.2  ��� in the base population is determined by the pedigree of genotypes P and Q. � EMBED Equation.2  ��� in this reference population expresses the total variance contribution of an infinitely large number of genes, many of which may be identical by state, but, by definition, are not identical by descent.  The within-family variance for a cross between any two parents in the pedigree arises from the fraction of genes which are not equal by descent and therefore able to contribute to family genetic variance.  Since the fraction is defined with reference to the total additive variance in the base population, parents P and Q, need not be members of the same generation, and may even be identical.





We deal in the following with a single locus, but the results may be extended to the whole genome, if there is no epistasis (epistasis means interaction between alleles in different loci) and no linkage. For a given locus in a diploid organism, P and Q can have a maximum of four (4) alleles. The alleles are denoted 1, 2... up to the number of alleles which are not copies of the same initial allele, with no number missing.  We designate the alleles of P as 1 and 2, and the alleles of Q as 3 and 4, if they are not identical by descent.  If an allele is equal to another by descent, it is assigned the lower number. In that way the alleles are designed numbers from 1 up to the number of alleles in P and Q which are not identical by descent.





An exhaustive list of all parental combinations of the four alleles at a homologous locus of a diploid was prepared (Table 1).  For each combination (or group of combinations), the within-family variance is expressed as a fraction of � EMBED Equation.2  ���.  The probability of that group arising is expressed as a function of � EMBED Equation.2  ��� and � EMBED Equation.2  ���. The summed probabilities do, of course, add up to 1, as the list is exhaustive.





Table 1.  The probability of progeny combinations and the within-family variance for different parental genotype combinations.  Possible allelic states of the parents (P and Q) and their progeny are given.





P�
Q�
�
Progeny �
�
� EMBED Equation.2  ����
Probability�
�
Group 1


�
�
0�
� EMBED Equation.2  ����
�
11�
11�
�
11�
�
�
�
�
�
�
�
11�
33�
�
13�
�
�
�
�



�
�
�
�
�
�
�
�
Group 2


�
�
0.25�
� EMBED Equation.2  ����
�
11�
13�
�
11�
13�
�
�
�
�
�
�
11�
34�
�
13�
14�
�
�
�
�
�
�
12�
11�
�
11�
21�
�
�
�
�
�
�
12�
33�
�
13�
23�
�
�
�
�
�
�
�
�
�
�
�
Group 3�
�
0.5�
� EMBED Equation.2  ����
�
12�
12�
�
11�
12�
21�
22�
�
�
�
�
12�
13�
�
11�
13�
21�
23�
�
�
�
�
12�
34�
�
13�
14�
23�
24�
�
�
�
�






Var(Aw) has been calculated for each case. The calculations are shown below for a case from each group, the remaining cases are done in an analogous way.





Assume the additive values of alleles 1, 2, 3 and 4 are a1, a2, a3 and a4, respectively.


Individuals are made up of two alleles, and the variance among individuals is thus 


� EMBED Equation.2  ���=2Va, where Va is the variance among values of alleles. It is assumed that the full sib is a sample from a much bigger population, so Va does not change by stochastic processes.





Case 11*33 and 11*11. Var(Aw) is evidently 0. As only a single type of progeny genotypes are formed, they can not have a genetic variation.





Case 11*13 Var(Aw) is calculated.  The expected average is 0.5(3a1+a3). The variance around this average can be expressed


0.5((2a1)2+(a1+a3)2)-( 0.5(3a1+a3)) 2 = 0.5(4a12+a12+a32+2a1a3)-0.25(9a12+a3 2+6a1a3) =


= 0.25a12 +0.25a32+a1a3-1.5a1a3.


This is the variance for an individual locus. Now let us sum over all loci with that configuration and take the expectations instead, we get


= E(0.25a12 +0.25a32+a1a3-1.5a1a3).


The crossproducts have the expectation 0 (they can thus be neglected) and the allele values have expectation = 0.5Va, thus


Var(Aw)= 0.25� EMBED Equation.2  ���





Case 12*12 The variance around the average can be expressed


0.25((2a1)2+ (a1+a2)2+ (a1+a2)2+ (2a2)2) - (0.5(2a1+2a2)) 2 =


= 0.25((6a12+6a22+4 a1a2) - (4a12+4a2 2+8 a1a2)) = 0.5a12 +0.5a22+ a1a2.


This is the variance for an individual locus. Now lets sum over all loci with that configuration and take the expectations instead. The crossproduct has the expectation 0 (and can thus be neglected) and the allele values have expectation = Va, thus


Var(Aw) = 0.5� EMBED Equation.2  ���





Summing the products of the within-family variance and the probability for that group of cases for additive variance  formula (1) is obtained.








Discussion


It is noted that coancestry of the parents does not have an impact on the additive within-family variance; only such identity by descent which is reflected in inbreeding coefficients matters. It may be noted that Var(Aw), � EMBED Equation.2  ��� and F are measures of  the diploid population, which describes how the genes of a population are arranged in zygotes, but not measures of the structure of the gene pool itself. For the gene pool, average coancestry has been found to be a more relevant measure than F (Lindgren et al. 1996).  Perhaps in the same way, Va is a better measure of the gene pool than � EMBED Equation.2  ���.


�
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Note: A more complete calculation is presented on file Within-2.doc dated 9609. This document is stored on Within family work report.doc 9702.
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